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Abstract. In this paper we construct a functor from the category of two-dimensional 
Riemannian manifolds to the category of three-dimensional manifolds with generalized 
metric tensors. For each two-dimensional oriented Riemannian manifold (M, <?) we con- 
struct a metric tensor g (in general, with singularities) on the total space SO(M, g) of the 
principal bundle of the positively oriented orthonormal frames on M. We call the metric 
g the Wagner lift of g. We study the relation between the isometry groups of (M, g) and 
(SO(M, g), g). We prove that the projections of the geodesies of (SO(M, g), g) onto M 
are the curves which satisfy the equation 

V±,^j- = CKJ(j) ~ C 2 KgradK, 
3* at 

where K is the curvature of (M, g), J is the operator of the complex structure associated 
with g, and C is a constant. We find the properties of the solutions of this equation, in 
particular, for the case when (M, g) is a surface of revolution. 

1. Introduction 

A sub- Riemannian manifold is a triple (Q, H, gy), where Q is a manifold and H is a dis- 
tribution on Q endowed by a metric tensor gu [6] . One of the first geometers who system- 
atically studied sub- Riemannian manifolds was V.V. Wagner [TT] . For a sub- Riemannian 
manifold (Q, H, g%) he defined a connection V w on Q which determines a parallel transla- 
tion of vectors belonging to the distribution % along the curves tangent to H (a "partial" 
connection) compatible with the metric g% and subordinate to a "torsion-free" condition. 
V. Wagner also constructed a series of tensors which all together play the role of the curva- 
ture tensor of a linear connection. This means that the parallel translation with respect to 
the connection V w does not depend on the path if and only if all these curvature tensors 
vanish. One of the main steps of V. Wagner's construction is an extension of the metric 
gu given on % to the first prolongation H 1 of H, where H 1 is the distribution generated 
by the Lie brackets of vector fields tangent to H. This extension is of interest in itself 
and, as we will show, gives possibility to construct a natural lift of a Riemannian metric g 
on a two-dimensional manifold M to its orthonormal frame bundle (in fact, to construct 
a functor from the category of two-dimensional Riemannian manifolds to the category of 
three-dimensional Riemannian manifolds). It turns out that this lift is closely related to 
many classical constructions in the geometry of fiber bundles (see [7J, [9], [ID]), and to 
special sub- Riemannian manifolds considered in ([6], Ch. 11). 

Let us describe V.Wagner's extension of metric in the case we will use: dimQ = 
3 and dim'H = 2. Assume that on a three-dimensional manifold Q there is given a 
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two-dimensional distribution 7i with a metric tensor g-^. In addition, assume that the 
complementary distribution Af is given on Q (i. e. TQ = H © Af). V. Wagner introduces 
the nonholonomity tensor N : TL x H —¥ Af, N(X,Y) = prj\f([X,Y]), where pr_y is 
the projector onto Af with respect to H. The distribution H is said to be completely 
nonholonomic if the map N is surjective, or equivalently the first prolongation H 1 coincides 
with TQ. For a completely non-holonomic H, one can extend the metric g-u onto "H 1 = TQ 
in the following way. Take an orthonormal frame Ex,E 2 of H with respect to g%, and 
set £3 = N(Ei, E 2 ). Then, the extended metric g^ on TQ is uniquely determined by the 
condition that {Ex, E 2 , E 3 } is an orthonormal frame of TQ with respect to g^. 

In [TJ we applied V. Wagner's metric extension to the following specific case. Let us con- 
sider a 2-dimensional oriented Riemannian manifold (M,g), and denote by SO(M,g) — > 
M the 5'0(2)-principal bundle of positively oriented orthonormal frames of (M,g). The 
metric g determines the Levi-Civita connection on M which, in turn, determines the 
horizontal distribution H on SO(M,g). We take the lift g H of g to % and thus obtain 
a sub-Riemannian manifold (SO(M, g), T-L, gy). For the complementary distribution Af 
of % we take the vertical distribution (the distribution tangent to fibers of the bun- 
dle SO(M,g) — > M). And thus, using V.Wagner's construction, we get a metric g on 
SO(M,g) as the extension of g^, and call g the Wagner lift of the metric g on M. In 
[TJ we calculated the curvature tensor of (SO(M,g),g), found the differential equations 
for the projections of geodesies of (SO(M, g), g) onto M (see (121]) of the present paper), 
and described the Wagner lift for the metrics g of constant curvature K 7^ 0. It is worth 
noting that V. Wagner's metric extension can be applied only to completely nonholonomic 
distributions, and in our case the distribution "H is completely nonholonomic if and only 
if the curvature K of (M, g) does not vanish. Therefore, in [TJ we assumed that the 
curvature K ^ 0. 

In the present paper we consider the Wagner lift g of a metric g on a two-dimensional 
oriented manifold M under the assumption that the curvature of g can vanish along a one- 
dimensional submanifold S C M. In this case, the metric tensor g is a metric tensor with 
singularities on SO(M,g). This means that g is not defined at the points of the surface 
S = 7r _1 (S) C SO{M,g), however there is a tensor g* which is defined everywhere on 
SO(M,g) and g* is dual to g wherever g is defined (certainly g* is degenerate on E). 

The paper is organized as follows. In subsection 12 . 3 1 we present the precise definition of 
the Wagner lift, subsection 12.41 contains formulas expressing the basic geometrical objects 
of the metric g on SO(M,g) in terms of the metric g on (M,g) (without proof, for the 
proofs see [1]). In section [3] we find relation between the isometry group of (M,g) and 
the isometry group of (SO(M,g),g). In section H] we study geodesies of (SO(M,g),g) 
and their projections onto M. Namely, in subsection 14 . 1 1 we investigate in details the cor- 
respondence between the geodesies of (SO(M, g),g) and their projections (Theorem I4.3|) 
and describe the behavior of the geodesies near the surface S (Theorem 14. 4p . In subsec- 
tion U]2] we describe geodesies of (SO(M, g), g) and their projections onto M from the 
point of view of the theory of geodesic modeling developed in jl], [T2], [2], and present a 
Lagrangian for the projections of geodesies which are solutions to the differential equation 
system f[2~T|) . In subsection 14.31 we study solutions of f l2~Tj) in case (M,g) is a surface of 
revolution, find two first integrals of the system, and formulate some properties of solu- 
tions. Several pictures of solution behavior on the torus are included (to do it we used 
SAGE www.sagemath.org). 
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Finally we note that the Wagner lift can be constructed just in the same way without 
assumption of orientability of M, in this case we will have a metric g (with singularities) 
on the orthonormal bundle frame and similar results hold true. 



r(<p) 



2. Wagner lift of a metric g on M to g on SO(M,g) 

2.1. Preliminaries. Let M be a 2-dimensional oriented manifold and g be a metric 
tensor on M. We denote by n : SO(M,g) — > M the principal >SO(2)-bundle of positively 
oriented orthonormal frames of (M, g). In what follows, for the elements of SO (2) we use 
the notation 

/ cos <p — sin <p 
sin ip cos <p 

The Levi-Civita connection V of g determines an infinitesimal connection T-i in the bun- 
dle SO(M,g) —> M, that is an S'0(2)-invariant distribution on the total space SO(M,g) 
which is complementary to the fibers of the bundle. In what follows we use the results 
and terminology of the theory of connections in fiber bundles (see, e.g., (j5], Ch.I III)). 

Let U C M be an open set such that there exists a section s(x) = {e\(x), ezix)}, x 6 U, 
of the bundle it : SO(M,g) — > M. The section s determines a trivialization 

i/> : U x SO{2) -> n-\U), (x, r(<p)) ^ s(x)r(<p). (1) 

In terms of the trivialization (pQ) the connection form a; on SO(M,g) determined by the 
Levi-Civita connection V is written as follows: 



WM = r(^)" 1 (^jjfa + T a {x)r{ V )9 a \ . (2) 

Here 9 a = n*9 a , a = 1,2, where {^ a } is the coframe field on U dual to {e a }; r a = r a (x) 
is a 1-form on U with values in the Lie algebra o(2): 

r a ? o 

where are the coefficients of V with respect to the orthonormal frame field {e a }. The 
matrix r a = ||rj;|| is antisymmetric (r a ^ = —T a b c ) because {e a } is an orthonormal frame 
field and V is the Levi-Civita connection. 

As SO (2) is a commutative group we have that r(<£>) -1 r a r(<yj) = r o . In addition, 

Now we can rewrite ([2]) as follows: 

u = Jd V + rj a , 

or, in the matrix form, as 

-a \ _ ( -dtp \ ( T^O 1 \ ( v 2 ie 2 



hence 

a = dip + r x ^ x + r 2 l§ 2 = d<p- v^e 1 - v 2 \e 2 . 
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This implies that the horizontal lifts E^, E\ of the vector fields ei, e 2 can be written as 
follows: 

E${x, <p) = e 1 - Y^d v , E%{x, ip) = e 2 - r 2 ?0„. (3) 
/ o — m \ 

Note also that, for a matrix A = I ^ ^ G o(2), m 6 R, the fundamental vector 
field a (A) = md v . 

2.2. Expressions via structure functions. For an orthonormal frame field {ei, e 2 } one 
can define the structure functions c^: 

[ei, 6j] = Cy efc. 

From the well-known formula (see, e.g., p. 160): 

g(V x Y,Z) = ±(Xg(Y,Z) + Yg(X,Z)-Zg(X,Y) 

+ g([X, Y},Z)+ g([Z, X],Y) - g([Y, Z],X)). 

we get that that the coefficients of V with respect to the orthonormal frame {ei} can be 
written as follows: 

For the curvature tensor 

R(X, Y)Z = VxV Y Z - VyV x Z - V [x ,y]Z 

of the connection V we have 

Rijk = 6i ^jk ~ e j^il + F is Tjl — TjgTfa — Cj?r sfc , (4) 

this gives us the components R\^ k in terms of c^. 

Note also that ([3]) can be rewritten in terms of the structure functions as follows: 

E%(x, <p) = ei + c 1 l(x)d v , E%(x, <p) = e 2 + c£(x)d v . (5) 

Let us apply V.Wagner's construction of nonholohomity tensor to the distribution H. 
For the complementary distribution M we take the distribution V of vertical subspaces 
of the bundle SO(M,g) — > M, i.e. the distribution of the tangent spaces to the fibers of 
the bundle. Then the nonholonomity tensor N : A 2 (H) —> V, where A 2 (7i) is the space 
of bivectors on the distribution H, is defined as follows: 

N(X,Y) p = pr v ([X,Y] p ), peSO(M,g), (6) 

where pry is the projection onto V parallel to H, and X, Y are vector fields such that 
X(p) = X and Y(p) = Y. 

Let e = {ex, be an orthonormal frame field on the base M, and E%, E\ be the 
horizontal lifts of e^, e 2 , respectively. Then 

N(E*(x, <p), E%{x, ip)) = K(x)d v , (7) 

where K(x) is the curvature of (M,g) at x G M (see [I], Prop. 3). 
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2.3. Definition of the Wagner lift of metric. Recall that we consider a two-dimensional 
oriented Riemannian manifold (M,g). Denote by E the set of points x G M such that 
K(x) = 0, and let E = 7r _1 (E). Note that M\E is an open subset of M, and SO(M, g)\T, 
is an open subset of SO(M,g). 

At each point p G SO(M,g) such that 7r(p) G M \ E, we will construct a metric tensor 
<? on T p SO(M, g). We have T p SO(M, g) = H p © VJ,, hence it is sufficient to define g on 
the horizontal and vertical vectors. Note also that the vector field d v is globally defined 
and spans the vertical distribution V, therefore the value g(d,p, d v ) determines the values 
of g(X, Y) for arbitrary vertical vectors X, Y. 

Definition 1. For each point p G SO(M,g) such that K(7i(p)) ^ 0, 

g(X,Y) p = g{dir{X),dir(Y)), VX,YeU p , (8) 
g(X,Y) p = VXeU p ,YeV p , (9) 
g(d v ,d v ) p = l/K 2 (n(p)). (10) 

The tensor field p —> g p defined on the open subset SO(M, g) \ E is called the Wagner 
lift of the metric tensor field g. Obviously, g is a metric tensor field on SO(M,g) \ E. 

Remark 2.1. The definition of values of g on the vertical vector fields follows from 
V.Wagner's construction of metric extension (see Introduction and the formula ([7])). 

Let U C M \ E be an open set, and let {ei,e 2 } be a positively oriented orthonormal 
frame field on U. From Definition [1] it follows that, for the frame field {E^ , E\ , d^} defined 
on 7r _1 (?7), we have 

9{E h a ,E%) = g(e a ,e b ) = 6 ab , a,b = Y^, 

g(E h a ,d v ) = 0, (11) 
g(d v ,d v ) = 1/K 2 . 

We will call the set E the singular set of g. In general, the set E can be an almost 
arbitrary closed set, but we will consider only the case of "general position" when E is a 
curve in M, and so E is a surface in SO(M,g). 

Let us consider now the tensor g* on SO(M, g) \ E dual to g*. From (|Ti| it follows that 
with respect to the frame field {E± , E\, d v } the matrix of g can be written as follows: 

(g) = 

so the matrix of the dual tensor g* is 

(§•)-- 

From this follows that the tensor g* can be extended smoothly to the entire manifold 
SO(M,g) and one can easily see that this extension does not depend on a choice of the 
frame field {ei,e2j-. Thus on the manifold SO(M,g) we have a tensor field g* of type 
(0, 2) which is the dual tensor field to the Wagner lift g on SO(M, g)\T> and is degenerate 
at E. 
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This gives rise to the following definition: a metric with singularities on a manifold Q 
is a symmetric tensor field h* of type (0, 2) on Q, which is nondegenerate at Q\S , where 
S is a closed submanifold. Certainly, the symmetric tensor h of type (2, 0) dual to h* on 
Q \ S determines a Riemannian metric on Q \ S. 

2.4. Relation between basic geometrical objects of (M,g) and (SO(M, g), g). In 
this subsection we summarize the results concerning the relation between basic geometrical 
objects of {M,g) and (SO(M, g), g), which were proved in [TJ, and which we will use 
throughout this paper. 

Let {ei(x), e 2 (x)} be an orthonormal frame defined on an open set U C M \ E. On 
7r _1 ({7) C SO(M,g) we define the frame {£i,£ 2 ,£s}, which is orthonormal with respect 
to g, as follows: 

£x{x, (f) = E^(x, ip) = ei(x) + c 1 \(x)d (p , 

£ 2 (x, if) = E%(x, <p) = e 2 (x) + c£(x)d^ (12) 
£3(2, y?) = K(x)d (p , 

where c a £ are the structure functions of the frame field {ei(a;), e2(x)} on M, and K(x) is 
the curvature at x e M of (M,g). 

Theorem 2.1 QlJ). The structure functions c^ of {Si, £ 2 , £3}, i,j,k = 1,3, and the 
structure functions cj, of {ei, e 2 }, a,b,c— 1,2 satisfy 

&12 = C 12 ^13 = ^23 = 

^12 = c 12 ^13 = ^23 = (13) 

A 3 _ 1 A 3 _ eiK_ A 3 _ e%K_ 

c 12 — 1 c 13 ~~ K 23 ~~ K 

Theorem 2.2 QlJ). The connection coefficients o/V on SO(M,g) are: 



f 1 

1 12 


— C 12 


f 1 - 
1 13 — 





V 2 - 

1 13 — 


1 
2 


f 1 
1 22 


- r 2 

~ c 12 


f 1 - 
1 23 ~~ 


1 

2 


f 2 - 
1 23 ~~ 





f 1 
1 32 


1 

2 


f 1 - 
1 33 — 


ei K 
K 


f 2 - 
1 33 — 





The other connection coefficients are determined by the property T^ c = — T^ b . 

Here K = K(x) is the curvature of (M,g), and e^K stands for the differentiation of K 
with respect to e^. 

Theorem 2.3 ([I]). The coordinates R\j k of the curvature tensor are: 

-R1212 = § — K, 

p _ eiK 

-n-1213 — -r^j 

D e2-R" 

-K1223 — -jf-, 

-K1313 - -4 - eu— J - c 12 — + ^— J , 
-K1323 - _e n— J + C i2-^ + ——1 

p _ 1 (e 2 K\ , 2 e 1 K , (e 2 K\ 2 

-K2323 - -4 - e 2{ — ) + C i2 — + { — ) ■ 

3. ISOMETRIES OF THE WAGNER LIFT OF METRIC 

Let (M,g) be a two-dimensional oriented Riemannian manifold, and (SO(M, g), g) be 
the total space of the 5'0(2)-principal bundle 7r : SO(M,g) — > M of positively oriented 
orthonormal frames of (M,g) endowed by the Wagner lift g of the metric g. 
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Let us denote by L(M) the linear frame bundle of M. Any diffeomorphism / : M — > M 
induces the diffeomorphism f c : L(M) — » L(M), {ei,e2} x {df x (ei),df x (e2)}, where 
df : TM — > TM is the tangent map. Generally, f c does not map SO(M,g) to itself, but 
if / is an isometry of (M, g) preserving orientation, then f c maps an orthonormal frame to 
an orthonormal frame, so we have the map f c : SO(M,g) — > SO(M,g). In what follows 
we consider isometries preserving orientation. 

If E = {x G M\K(x) = 0} is a one-dimensional submanifold, then, for any isometry 
/, we have f(M \ E) = M \ E. Therefore, the lift f c determines a diffeomorphism 
f c :SO(M,g)\t^SO(M,g)\t. 

Theorem 3.1. Iff is an isometry of(M,g), then f c is an isometry of (SO(M, g)\E, g). 

Proof. For any p G SO(M, g) and /i G 5*0(2), we have f c {pp) = f c (p)fi, hence f c maps the 
fibers of SO(M,g) onto the fibers, and the fundamental vector field is invariant under 
f c . Any isometry / of the metric g is an automorphism of the Levi-Civita connection of 
g, therefore f c is an automorphism of the infinitesimal connection H, so maps %{p) to 
7-L(f c (p)) for any p G SO(M,g). Hence, for any v G T X M, and p = rr^^x), the horizontal 
lift v h of v at p is mapped by f c to the horizontal lift of the vector df x (v) at the point 
f c (p), i.e. dfp(v h ) = (df x {v)) h . Finally, for the curvature we have K(f(x)) = K(x) for 
any x G M. 

For each orthonormal frame field {ei, e?} on an open set U C M, we have constructed 
the frame field {^1,^2,^3} on 7r — C SO(M,g) (see (fl2l ) which is orthonormal with 
respect to ^. Let Z7' = f(U). Then / maps the orthonormal frame field {ei,e2j on [/ to 
an orthonormal frame field {ei,e 2 } on Z7'. From above it follows that the complete lift 
f c maps the vector fields S a , a = 1, 3, to the vector fields S' a which form the orthonormal 
frame field corresponding to {e^e^}. Hence f c is an isometry. □ 

Remark 3.1. Theorem 13.11 says in fact that the Wagner lift is a "natural" construction, 
that is the correspondence (M,g) — > (SO(M, g), g) is a functor from the category of the 
two-dimensional Riemannian manifolds (the morphisms of the category are isometries) to 
the category of the three-dimensional Riemannian manifolds. 

Any isometry / maps M \ E onto itself, and is an isometry of (M \ E, ^|m\s)- The lift 
f c also maps SO(M, g) \ E onto itself and, according to Theorem 13. 1[ is an isometry of g. 
Therefore, in this section, for the brevity of notation, we will assume that the curvature 
K of g does not vanish. The reader can easily obtain the versions of results below for the 
case E ^ by substituting M \ E for M, and SO(M) \ E for SO(M, g). 

Let us denote by I(N, h) the isometry group of a Riemannian manifold (N, h). 

Corollary 3.1.1. The map c : I(M,g) — > I(SO(M, g), g) , f — > f c , is a monomorphism 
of the isometry groups. 

We say that a diffeomorphism / : SO(M,g) — > SO(M,g) is projectable if there exists 
a diffeomorphism / : M — > M such that 7r o / = / o 71", and we write / = tt*(/). Let us 
denote by I p (SO(M, g), g) the Lie group of projectable isometries of (SO(M,g),g). 

Theorem 3.2. For any f G I p (SO{M,g),g), tt*(/) G I(M,g). 

Proof. We have tc o f = f o n, hence follows that / maps each fiber of the bundle 
SO(M,g) — > M onto a fiber. At the same time, as the horizontal distribution TL is 
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orthogonal to the fibers, and / is an isometry, then / is an automorphism of the distri- 
bution n. Therefore, for any point x G M and V, W G T X M, we take p G 7r _1 (x) and 
V, W G %{p) such that dir p (V) = V and dn p (W) = W. Set V = df x (V), W = df x (W), 
V' = df p (V), W' = df p (W). Then we have 

g x (V, W) = g p (V, W) = g m {V', W') = g m {V, W). (14) 
This proves the requirement statement. □ 

It is clear that 7r* : I(SO(M, g), g) — > I(M,g) is a Lie group homomorphism, and 
7r* o c = Idi(M, g ), so we obtain the following result. 

Corollary 3.2.1. The Lie group homomorphism 7T* : I(SO(M, g), g) — > I(M,g) is sur- 
jective. 

Recall that an infinitesimal isometry of a Riemannian manifold (N, h) is a vector field 
whose flow consists of the isometries of (N, h). The set of infinitesimal isometries of (N, h) 
is a Lie subalgebra in the algebra of vector fields on N, and we will denote it by J(N, h). 
Note that 3(N, h) is the Lie algebra of the Lie group I(N, h). 

Let 4> s be the flow of an infinitesimal isometry X G 3(M, g), then, by Theorem 13. 11 the 
flow (f) c s on SO(M,g) consists of isometries of (SO(M, g), g), so the complete lift X c = 
J^| s =o0s of X is an infinitesimal isometry in 3(SO(M, g), g). Thus we get the 

Corollary 3.2.2. The map c* : 3(M,g) — > 3(SO(M, g), g) , X i-> X c , is a monomorphism 
of the Lie algebras of the isometry groups. 

Recall that a vector field X on the total space E of a fiber bundle 7r : E — > B is 
called projectable if X is 7r-connected to a vector field X on B. It is clear that any 
SO (2)-invariant vector field X on SO(M,g) is projectable, the opposite is not true. 
The set X p (SO(M, g)) of projectable vector fields is a Lie subalgebra in the Lie algebra 
X(SO(M, g)) of vector fields on SO(M,g), and since the isometries also form a Lie sub- 
algebra of X(SO(M, g)), we arrive at the Lie subalgebra 3 p (SO(M, g), g) C X(SO(M, g)) 
of projectable isometries. In what follows we will describe the relationship between 
3 p (SO(M,g),g) tmd3(M,g). 

From the definition of projectable vector field we get the natural Lie algebra homo- 
morphism 7T* : 3 p (SO(M, g), g) — > X(M) which assigns to each X G 3 p (SO(M, g), g) the 
vector field ti*(X) G X(M) which is 7r-connected with X. 

Theorem 3.3. For any X G 3 p (SO(M, g), g) , the vector field ir*(X) belongs to 3(M,g). 

Proof. Let X G 3(SO(M, g), g) be a projectable vector field which is 7r-connected with a 
vector field Y on M, and let us denote the flows of X and Y by <pf and <pj respectively. 
Then we have ir<f)f = (pjn, hence Theorem 13.21 implies the result. □ 

Corollary 3.3.1. 7r* : 3 p (SO(M, g), g) — > 3(M,g) is a surjective Lie algebra homomor- 
phism. 

A vector field X is an infinitesimal isometry of (SO(M, g), g) if and only if Cxg = 0, 
where Cx is the Lie derivative. The equation Cxg = can be written as 



Xg(Y, Z) - g([X, Y],Z)- g(Y, [X, Z]) = 0, 
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for any vector fields Y and Z. Now, if we take the orthonormal frame field {£{\ ( !T2|) . then 
this equation can be written, for a vector field X = X l £i, as follows: 

£ t X j + £j.\ : + (cj + c 3 l)X s = 0. 

Hence for an infinitesimal isometry X G 3(SO(M), g) we get the following system of 
differential equations: 

£ X X X + c£X a = 0, 

£ 2 X 2 + c£X s = 0, 

£ 3 X 3 + c 3 3 X s = 0, 
£ X X 2 + £ 2 X X + {c 2 + c 2 )X s = 0, 
£ 1 X 3 + £ 3 X 1 + (c 1 3 s +c 3 l s )X s = 0, 
£ 2 X 3 + £ 3 X 2 + (c 2 3 + c 3 2 )X s = 0. 

If now we substitute & from f|T3|) . we get that 



£ X X X + c^X 2 = 0, (15) 

£ 2 X 2 + c^X 1 = 0, (16) 

e*x* - ^ - e -^x 2 = o, (17) 

£ X X 2 + £ 2 X X + c^X 1 + q 2 X 2 = 0, (18) 

^X 3 + £ 3 X l -X 2 + ^X 3 = 0, (19) 

K 

£ 2 X 3 + £ 3 X 2 - X 1 + ^X 3 = 0. (20) 



Theorem 3.4. a) If an infinitesimal isometry X of (SO(M, g), g) is vertical, then X = 
Cd V! where C is a constant. 

b) Any projectable infinitesimal isometry X of (SO(M, g), g) can be written as X = 
Y c + Cd v , where Y is the infinitesimal isometry of (M,g) which is -n-connected with X, 
and C is a constant. 

c) The Lie subalgebra 3 p (SO(M, g), g) of projectable infinitesimal isometries is isomor- 
phic to the direct sum of the Lie algebra 3(M, g) and the one- dimensional Lie algebra 
R. 

Proof, a) Let X G 3(SO(M, g),g) be a vertical vector field. Then the equations (fT5"j) . ffTBT) . 
(gSD hold true as X 1 = X 2 = 0, and from (JTZD, (DSD, flU} we get that X = CK£ 3 = Cd v . 

b) Now suppose that an infinitesimal isometry X of (SO(M, g), g) is projectable, then 
Y = tt*(X) is an infinitesimal isometry of (M, g) by Theorem 13.31 Then Z = X — Y c is a 
vertical infinitesimal isometry of (SO(M, g), g), hence Z = Cd v , by a). 

c) From b) it follows that 3 p (SO(M, g),g) is the sum of c*(3(M, g)) = 3(M, g) and the 
Lie algebra 3 v (SO(M, g), g) of vertical isometries which is isomorphic to R. It is clear 
that 3 v (SO(M, g),g)r\c#(3(M, g)) = {0}, and moreover, for any Z G 3 v (SO(M, g), g) and 
X G c*(3(M, g)), the Lie bracket [X, Z] = 0. This implies the required statement. □ 

Corollary 3.4.1. dim I(SO(M, g), g) > dim I(M,g) + 1. 

Corollary 3.4.2. If I(M,g) is transitive, then I(SO(M, g), g) is transitive, too. 
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Remark 3.2. It is known, that the isometry group of a simply connected Riemannian 
manifold (M, g) of constant sectional curvature acts transitively on M and moreover the 
induced action on the total space of orthonormal frames is simply transitive. From this 
follows that, for such a manifold, the total space of orthonormal frames is diffeomorphic 
to the Lie group I(M) of the isometries of (M,g). From Theorem 13.11 it follows that for 
a simply connected two-dimensional (M, g) of constant nonzero curvature, the I(M, g) 
acts on SO(M,g) = I(M,g) by the isometries with respect to the Wagner lift metric g. 
Thus, (SO(M, g), g) is a Lie group endowed with a left-invariant metric. If (M,g) is the 
sphere, then SO(M, g) is diffeomorphic to 5*0(3) with the left-invariant metric of constant 
curvature induced by the double covering § 3 -»■ SO (3). If (M, g) is the hyperbolic plane, 
the metric g does not have constant curvature ([TJ, Sec. 6). 



4. Geodesics of the Wagner lift and the singular set 

4.1. Geodesics of the Wagner lift and their projections. In [1J we have proved the 
following statement which establish relation between geodesics of (M, g) and (SO(M, g),g): 

Theorem 4.1 ([1J, Theorem 5.3). Let j(t) be a geodesic of the metric g on SO(M,g), 
7(i) its projection on M, t e [0,a]. Then 

(1) There holds the equation: 
~ ( \ 

g I £3, ~r(t) I = CK{j{t)), where C is constant. 



dt 

(2) The curve 7 satisfies the differential equation 

V^^ = CKJ(>y)-C 2 KgradK, (21) 

dt dt 

where J is the operator of the complex structure on M associated with the metric 
9- 

(3) If ^jf{t) is horizontal at to, then 7 is a horizontal curve, that is 7 is tangent to W 
for all t, and 7 is a geodesic of the metric g on M. 

The proof of this theorem is based on the following fact which was also proved in [TJ: 

Theorem 4.2 ([TJ, Theorem 5.2). Let V be the Levi-Civita connection of g. Let 7 be a 

geodesic of the connection V on SO(M,g), and 

^{t) = Q i {t)S i \ y(t) . 
Then the functions Q l (t) satisfy the equations 

^ + c^Q 2 + Cl 2 (Q 2 ) 2 + Q 2 Q 3 + ^(Q 3 ) 2 = 0, (22) 

^ - c^Q 1 ) 2 - c 12 W - + ^(Q 3 ) 2 = 0, (23) 

(24) 
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In the present section we will establish how the geodesies of (SO(M, g),g) behave with 
respect to the singular set £ (see subsection 12.31) . Recall that, under our assumption, £ is 
a one- dimensional submanifold of M, so £ is a two-dimensional submanifold in SO(M, g). 
We start with the following statement which is in some sense converse to Theorem 14.11 

Theorem 4.3. Let 7 : / = (a, b) — > M be a solution for the equation fl21~]) . Let 1\ = 

7 _1 (Af \ £). Then, for each t E I and for each p G 7r _1 (7(t )), there exists a curve j(t) 
such that 7(^0) = P, 7r (7(^)) = l(t)> an d lif) restricted to the open set l\ is a geodesic of 
the metric g on SO(M, g) \ £. 

Proof. For any p G 7r _1 (t ) we will present a curve 7 : (a, b) — > SO(M,g) with the 
required properties. Let 7 /l (t) be the horizontal lift of 7(t) such that 7 /l (to) — Pi an d set 
a{t) = C f t K 2 {^(s))ds, where C is the constant in ( 1211 . We set 

ftf)=7*(f)r(a(f)). (25) 

It is clear that 7r(7(t)) = j(t) and 7(^0) = P- We will prove that restricted to Ii the curve 
■j(t) is a geodesic of g. 

First note that Ii is open and 7 : I\ — > SO(M,g) \ £. We will use the following well- 
known statement: If P — >■ M is a principal G-bundle, 5 : (a,b) P, g : (a, b) — > G, 
then 



| W ) 9W ) = ^ (l) (f) +ff (dV.(..| 



where a(a) is the fundamental vector field on P corresponding to the vector a in the Lie 
algebra g of the Lie group G. Note that in our case, P = SO(M,g), G = SO(2), and if 
we take g(t) = r(a(t)), then one can easily find that 

=^ = CK\ 1 (t))d, 

From this follows that 



\l = dR r[a[t)) {^pj + OT 2 ( 7 (t))^. (26) 

Hence follows that Q 3 = CK^if)). 

Without loss of generality we may assume that the curve 7 : I\ — > M \ £ takes values 
in an open set U on which an orthonormal frame field {ei,e2} exists, and so on 7i~ l (U) 
there is the orthonormal frame field {Si}, i = 1,3, defined by ( fr2l) . Then 

-^p h = Q 1 (t)£ 1 \ 1 h( t - ) + Q 2 (t)£ 2 \. y h( t - ) . 
Since 7(i) = TT-f h (t) satisfies ff2TT) and 



-^7 = Q 1 (t)e 1 \ 1 h {t) + Q 2 (t)e 2 | 7 h (i) , 



we get that 

dQ 1 



, + c 1 1 2 Q 1 Q 2 + c 2 (Q 2 ) 2 + CKQ 2 + C 2 Ke 1 K = 0, (27) 
at 

^ - c.KQ 1 ) 2 - c 2 Q l Q 2 - CKQ 1 + C 2 Ke 2 K = 0. (28) 
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The vector fields S%, £2 are invariant under right shifts, therefore we have that 
^7 = Q\t)£ x \ m + Q 2 (t)£ 2 \ m + OT 2 ( 7 (t))cV 

Now one can easily check that the equations fl2!?|) - fliH|) hold true, therefore j(t) is a 
geodesic for t G I\. □ 

Corollary 4.3.1. Let 7 : I = (a,b) — > M be a curve. If 7(t) is a geodesic of(M,g), then, 
for any t G I\ and any p G 7r _1 (7(to)), the horizontal lift 7 /l (t) passing through p is a 
geodesic of the metric g on SO(M, \ E for tE.Ii. 

Proof. The curve j(t) satisfies the equation (I2TT) with C = 0. Then for the geodesic 
j(t) = 7 /l (t)r(a(t)) constructed in the proof of Theorem 14.31 we have a(t) = 0, hence 
follows that 7 (t) = 7 ft (t) for tel. □ 

Definition 2. A curve 7 : (a, b) — > SO(M, g) is called a generalized geodesic of the metric 
g if j(t) is a geodesic for t G j~ 1 (SO(M, g) \ E). 

Corollary 4.3.2. For any p G E, and /or any vector V G "H p; t/iere exists a generalized 
geodesic j(t), t G (—e,e), of the metric g such that 7(0) = p and tJ-(O) = V. 

Proof. Let x = 7r(p) and W = dn p {y). Find a solution 7 of (12TT) defined on (— e, e) such 
that 7(0) = a; and ^?(0) = W. Now apply Theorem 14.31 to 7 and p, then we get that 
there exists a generalized geodesic j(t) such that 7(0) = p and 7r(7(t)) = 7 (t). Finally 
(jUD implies that f (0) is horizontal, therefore § (0) = V. □ 

Theorem 4.4. v4ny generalized geodesic 7 (t) transversal to E intersects E horizontally, 
this means that, i/ 7 (£o) ^es ^ n ^ en ^|t=t 7(^) Kes «n Hy(t )- 

Proof. Let 7 : / = (a, 6) — )■ SO(M) be a generalized geodesic of (SO(M, g), g), 7 = 71-7, 
and Ji = 7 " 1 (M \ E) = A f~ 1 (SO(M) \ E. We have 

o?7 ; 
dt 

where Xh(t) is a horizontal vector field and f(t) is a function. From Theorem 14.11 (1), 
using (fT2"|) . we get that, for any t E I\, 

and, from (fTUl) we get that along 7(2) there holds the equality: 

1 



^(t) = X,(t) + /(t)a v , 



" tf*( 7 (f))' 

Let j(t) intersects E transversally at to- Then, there exists e such that 

holds for all t E (t —e, t +e) except for t . Since both sides are continuous on (t — e, t +e), 
we get that /(to) — CK 2 (-f(t )) = 0, this proves the theorem. □ 
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4.2. Lagrangian for solutions of (|2"T1) . Geodesic modeling. Let (M,g) be a Rie- 
mannian manifold, F be a closed 2-form on M, _F# be the affinor field such that g(F#X, Y) ■ 
F(X, Y), and U be a function on M. Consider the equation 

-p = F # 7 + c/rad [/, (29) 

<*< at 

where V is the Levi-Civita connection of g. Equations of this type arise in physics, e. g., 
in the theory of the motion of charged particles in electromagnetic fields. In ([8], Sect. 5) 
S.P. Novikov constructed a multi-valued Lagrangian whose Euler-Lagrange equations are 
exactly the equations (|29|) and developed an analog of the Morse theory for Lagrangians of 
this type. The theory of geodesic simulation for equations (129]) with U — 1/ f, where / is a 
nonvanishing function on M, was developed in the papers of Ya.L. Shapiro, V.A. Igoshin, 
and E.I. Yakovlev (one of the first papers devoted to this theory was jl], for more recent 
results in this direction we refer the reader to [2J, [3], [12] )• Our equation (|2"T|) is a very 
partial case of the equation (1291) . In this subsection we will write down the Lagrangian in 
our partial case and also demonstrate how to apply Shapiro-Igoshin- Yakovlev results to 

(ED. 

First we repeat S.P. Novikov's considerations ([8], Sect. 5) in our case. We consider the 
2-form F = Ka, where a is the area 2-form of the metric tensor field g. Note, that, by 
the Gauss-Bonnet theorem, F represents the Euler class of M, so for a compact oriented 
M, the 2-form F is exact if and only if M is the two-dimensional torus T 2 . If M is not 
compact, F is exact. 

Consider two points Xq and x± in M and the space Q of paths joining these points and 
lying inside a region CcM such that F = d9 on C. Take the action 



dt. (30) 



Written with respect to local coordinates (x l ,x l ) on TM, the Lagrangian of the action 
has the form L = Lq — L\ — L2, where 

L {x k ,x k ) = ^(x*)^', Li(x k , x k ) = ^CKix^Oiix^x 1 , L 2 {x k ) = - l -C 2 K\x k ). 

(31) 

The left hand of the Euler-Lagrange equation for Lq is well known to be 

d ( dL _ 8Lq 
dVdx 1 ' dx { 

One can easily calculate that 



d , dL\ . dLi 1 . d r „ . . . . . _ „ , . . . . „■. 
~ ( —^ " o(l7^(#))] -di6Mt))f) 



dt dx l dx l 2 dt 

1 



and 



Hence follows that the Euler-Lagrange equations for L are 

g iS V^ s - CKajtf + C 2 Kd t K = 0. 
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Now note that g m% <Jji = J™ and gradK = g mi diKd m . Thus, the Euler-Lagrange equations 
for the Lagrangian (1311) are 

V^7 - CKJ(j) + C 2 K gradK = 0, 

which coincide with the equations ( I2T1) . Thus we have proved that the action ( 1301) is a 
multivalued functional whose extremals are the solutions to the equation ( 12 ip . 

Now we will briefly describe the construction of geodesic modeling from [4]. We consider 
the equation (129]) . Suppose that the form F satisfies the "quantization condition": this 
means that there exists a certain a G R such that for any cycle C C M, j c F G aL. 
Then there exists a S'0(2)-principal bundle 7r : P —¥ M with the characteristic class 
[F] G H 2 (M; M.) (recall that, for any connection 1-form u> on P, the curvature 2-form Q is 
the pull-back of a closed 2-form F on M, and the cohomology class of F does not depend 
on the choice of the connection and is called the characteristic class of the bundle). In [4] 
the following fact is proved: if on P we take the metric 

g p (X, Y) = g(dnX, dnY) + f(ir(p))u(X)u(Y), (32) 

where p G P, X ,Y G T p P, then the geodesies of (P, g) are projected onto the solutions of 
the equation (129]) . that is (P,g,ir) is a "Riemannian geodesic model" of this equation. 

Now consider our equation (I21T) . The 2-form F = Ka is the characteristic class of the 
bundle SO(M,g), this means that in our case P = SO(M,g). Also 1/f = K 2 , hence 
follows that (I3"2"l) turns into 

g p (X,Y) = g(dnX,dnY) + -^(p) V(A>(F), 

which proves that g = g. Hence we conclude that for a two-dimensional Riemannian 
manifold (M,g) the orthonormal frame bundle SO(M,g) with the Wagner lift g of g is 
the Riemannian geodesic model in sense of [1] for the equation (12 ip. 

It is worth noting that in our case case K possibly vanishes along a curve S, therefore 
the metric g = g does not exist along the surface E. The results of [1] can be directly 
applied to the region M \ S. For example, Theorem 2 of this paper applied to our 
case implies that if (M,g) is geodesically complete, then (SO(M, g) \ S,g) is geodesically 
complete. 

Note also that, for a compact M, the action £ is not multivalued only if M = T 2 . 
Certainly in this case the curvature K has to change sign, so £ 7^ 0. 

4.3. Geodesies of the Wagner lift of the metric of a surface of revolution. In 

this subsection we consider a surface of revolution (M, g) and find three first integrals 
for the geodesic equations of (SO(M,g),g). From this we get two first integrals for the 
differential equation (121]) . 

4.3.1. First integrals of the system ( 1211) for surfaces of revolution. Let (M,g) be a surface 
of revolution, then we can take the coordinate system (w^w 2 ) such that 

g = A 2 (u 2 )du 1 <g> du 1 + du 2 ® du 2 

Recall that the curvature of (M, g) is 
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Hereafter the prime means derivative with respect to u 2 . Note also that in this case E is 
a disjoint union of parallels. 

We have the orthonormal frame field: 

ei = -rdx, e 2 = d 2 . 

The orthonormal frame field {ex, e 2 } induces the coordinates (u 1 , u 2 , tp) on the total space 
SO(M) of the orthonormal frame bundle. 

The group SO (2) acts on M by rotations, we will denote by r a the rotation at the angle 
a. With respect to these coordinates, we have 

r^u 1 , u 2 ) = (u 1 + a, u 2 ), 

and, evidently, the complete lift r c a of r a , which is an isometry of (SO(M,g) \ E, g) (see 
Theorem 13.11) . is written with respect to the coordinates on SO(M,g) as 

r°(« x , u 2 , tp) = (u 1 + a, u 2 , <p). 

Now the structure group SO (2) of the principal bundle 7r : SO(M,g) — > M also acts on 
SO(M,g) by isometries of g, and this action is written with respect to these coordinates 
as 

Rp(u l , u 2 , if) = (u 1 , u 2 , tp + 0). 

The infinitesimal isometries corresponding to the isometry flows Rp and r a , respectively, 
are written in terms of the orthonormal frame £1,82,83 as follows 

Vi = d v = -r^-M, V 2 = d 1 = A(t* 2 )£x - ^§£3. 

It is well known that, if W is an infinitesimal isometry of a Riemannian manifold 
(N,h) and 5{t) is a geodesic of (N,h), then h$(t)(4;d(t),W(8(t))) is constant (this is a 
generalization of the famous Clairault theorem for geodesies on surfaces of revolution). 

If we apply this statement to (SO(M, g) \ E, g) and a geodesic j(t) of g we get two first 
integrals of the geodesic equations. As in Theorem 14. 2} we set 4n{t) = Q l (t)£i\ 1 (t), then 
we have that 

and 

9(V 2 , j t j(t)) = A(u 2 (t))Q\t) - Y^Q 3 (t) = c 2 , (35) 

where C\, C 2 are constants. Note that we already had the first equation (see Theorem 14. 11 
(I))- 

Theorem 4.5. Let 7 : (a, b) — > SO(M,g) be a generalized geodesic of (SO(M, g), g) , and 
I\ = 7 _1 (M \ E). Let 7 = 7T7, and 4fftf) = Q t {t)£i\ / y(t); Assume that I\ is dense in I, 
then 

Q s (t) = dKW)) = Cx^p^-, (36) 

A( 1 (t))Q\t)-C 1 A\ 1 (t)) = C 2 , (37) 
(Q\t)) 2 + (Q 2 (t)) 2 + ClK^t)) 2 = Cl (38) 
where C\, C 2 , and C3 are constants. 
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Proof. From ([34]) we get that Q 3 (t) = dK^t)), then substituting this to ([35]), we arrive 
at (1371) for t G I\. The last equation (|38|) follows from the fact that any geodesic 7 has 
the tangent vector of constant length, hence the function (Q 1 (t)) 2 + (Q 2 (£)) 2 + (Q 3 (t)) 2 , 
t G /1, is constant. Then, using (|36|) . we get (|38|) for t E I\. Now since Ji is everywhere 
dense in 7, the equations (l36]) - (l3Tj) hold on /. □ 

From this theorem we get two first integrals for the differential equation (I2TI) . 

Corollary 4.5.1. Let 7 : (a, b) M be a solution of the equation (|21|) . and /1 = 

7 _1 (M \ E). Let ;§7(i) = Qi(t)ei + Q 2 (t)e 2 . Assume that I\ is dense in I , then 

A( 1 (t))Q 1 (t)-CA'( 1 (t)) = C 2 , (39) 
{Q\t)f + (Q 2 (t)) 2 + C^K^it)) 2 = C 2 , (40) 

where C is the constant of the equation (121"]) . and C2, C3 are constants. 

Proof. By Theorem 14.31 there exists a generalized geodesic j(t), t e (a, 6), such that 
ix = 7 _1 (M \ E) is dense in (a, 6). In addition, we have 

j t *i{t) = Q l {t)£ x \ m + Q 2 (t)S 2 \ m + Q 3 ^!^) 

and -rp{t) = Q 1 ( t )eiU(t) + Q 2 (t)e 2 \ j{t )- 

From the proof of Theorem 14.31 it follows that the constant C in the equation (12T1) is equal 
to Ci. Now ([37]) implies (135]) . and (155]) implies (gDJ. □ 

Remark 4.1. The equation (139]) is an analog of the Clairault theorem. 

Remark 4.2. Corollary 14 . 5 . 1 1 can be proved directly. For example, if we multiply scalarwise 
equation (|2T|) by and then integrate, we get exactly the equality (140]) which holds true 
for all t. 

From Corollary 14. 5. II there follow some interesting properties of solutions of (121"]) . From 
the proof of Theorem 14.51 it follows that (140]) holds true without assumption that the 
metric g admits an infinitesimal isometry. Then from f l4"0"]) immediately follows 

Corollary 4.5.2. Let 7 : (a, 6) — > M be a solution of (]2"T]) with C ^ 0, and t E (a, 6). 

Then j(t) lies in the region 



Q={pe M\\K(p)\ < \l^(t )\\ + # 2 (t(*o)) 

If, in addition, (M, g) is a surface of revolution, then Q is a band consisting of parallels 
ofM. 

4.3.2. Finding the solutions to (I2T]) . We know that Q 1 = \\-^\ \ cos a, where a is the angle 

between the vector f and e 1; and |g|| = V(W)) 2 + (<9 2 (*)) 2 = v^f = C 2 i\~(7(t)) 2 . 
Now from Corollary 14.5.11 and ( 133]) it follows that 

C 2 + CA' C 2 + CA' 

cos a 



Ay/C% - C 2 K 2 ^C 2 A 2 -C 2 A"' 
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1.00 




Figure 1 . The solutions for Q2TJ with C = 
geodesic which is the equator of the torus. 



0, 1, 2, 3. For C 



we get the 




Figure 2. The solutions for (12ip with C — 1 passing through a point in 
different directions. 



Then 

cot a 



C 2 + CA' 



yJClA 2 - C 2 A" - (C 2 + CA') 2 ' 
At the same time, 

cot a = A——. 

du l 

Hence follows that, if the solution j(t) is transversal to the parallels u 1 = const, then as 
a set of points it coincides with the graph of the function 

v}(u 2 ) = / v ' du 1 . (41) 

J A^C 2 A 2 (u 2 ) - C 2 A"(u 2 ) - (C 2 + CA'(u 2 )) 2 

However, (HTT) helps only to find the curves w 1 = u l (u 2 ) on which the solutions lie 
and only in a neighborhood of the initial point. At the same time, for any metric g, 
the solutions of ( 121 j) can be found numerically if we write down the equation (12 ip with 
respect to the local coordinates. For example, with the use of the computer system SAGE 
for symbolic and numerical calculations (www.sagemath.org), we can find the solutions 
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FIGURE 3. The solution for (I2ip with C = 3 which starts at a point of the 
torus parallel where K — 0. This solution (the thick curve) cannot go out 
of the region given by the equation K < l/\/3 (bounded by the thin curves). 




Figure 4. The solution for (ETJ) with C = 20 on the triaxial ellipsoid (the 
lengths of axes are 1, 1.5, 2) which starts at a point of minimal curvature 
of ellipsoid. This solution cannot go out of the region bounded by the thick 
gray curve. 

of ( )2T|) on the torus (see Fig. 1 and 2). Also, using numerically found solutions, we can 
illustrate Corollary 14.5.21 (see Fig. 3 and 4). 
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